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Machine Learning
Goal: learn a model from data
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From (Goyal, 2018)
e Generative model

Samples from Stable Diffusion (Rombach et al., 2022)
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Probability Distributions
e Data: z1,...,2, € R? +— probability distribution i, = 2 >°
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Probability Distributions
e Data: z1,...,2, € R? +— probability distribution y, = 2 > | 6,

e Goals:

o Compare distributions using some discrepancy D
o Learn distributions by minimizing D (e.g. for generative models)
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Optimal Transport

Kantorovich Problem
Let p,v € Po(R?), ¢: R? x R = R,

OT¢(p,v) = inf /C(I,y) dy(z,y),
YEM(p,v)

O(p,v) = {y € P(R*xR%), VA € B(R?), v(AxR%) = pu(A), v(R*x A) = v(A)}
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Optimal Transport

Woasserstein Distance
Let u,v € Po(RY),

W3 (,v) = Lot / o — yll3 dvy(z,y)

Properties:
e W, distance

e Metrizes the weak convergence

Condition to have a deterministic coupling, i.e. v = (Id, T)4p with Tipp = v
where VA € B(R?), Tyu(A) = u(T~'(A)): Brenier's theorem (Brenier, 1991)

< Leb = Optimal coupling v* unique and v* = (Id, V) xp with ¢ convex
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Solving the OT Problem
Let @1,...,Tpn, Y1, Un ERL, a, BE X, u="1" @bz, v =21, Biby.,

Wi(p,v) = ., _in (C,P)p with C = (|lz; —y;]13)
PERT ", Pl,=a, PT1,=4

2]

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3logn)

Sample Complexity (Boissard and Le Gouic, 2014)

For [I,,ll/ € Po(RY), @1,y Ty~ fly Yl e ey Y ~ U, fly = %Z?:l 0, and
A n
Un = 52 e Oy,

E[|Wa(fn, 9n) = Wa(u, v)|] = O(n="%)




Solving the OT Problem

Let Tlyee s Tpy Yty Yn € Rd' aaﬁ € Env n= Z?:l aiéziv v = Zf:‘l:l ﬁz(;ylv

W3 (p,v) = min (€, P)p with C = (|lzi —y;l3)

PeR}*", Pl,=a, PT1,=f J

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3logn)

Sample Complexity (Boissard and Le Gouic, 2014)

For [I,,ll/ € Po(RY), @1,y Ty~ fly Yl e ey Y ~ U, fly = %Z?Zl 0, and
A n
Un = 52 e Oy,

E[|Wa(fn, 9n) = Wa(u, v)|] = O(n="%)

Proposed solutions:

e Entropic regularization + Sinkhorn (Cuturi, 2013)

e Minibatch estimator (Fatras et al., 2020)

e Sliced-Wasserstein (Rabin et al., 2011b; Bonnotte, 2013) ;)
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1D OT Problem
Let u, v € Pa(R),

e Cumulative distribution function:
Ve R, Fult) = ()~ oo,t]) = [ 1 we(o) du(o)

e Quantile function:

Yu € [0,1], Fu_l(u) =inf{z € R, F,(x) > u}

1D Wasserstein Distance

1
W2 () = / Fri(w) — F () du = |[F7Y — Bl 2a g0,

Letzq < <@y, Y1 <+ <Y, p= 230 Gy, v=23" 10y,
1 n
W3 (p,v) = ﬁ;(wi —u)?
1=

— O(nlogn) .
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Sliced-Wasserstein Distance

T

Directions
e Source data
e Target data g

6=100°
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Definition (Sliced-Wasserstein (Rabin et al., 2011b))
Let p,v € P2(R?),

SW3e.0) = [ WH(Phi Pw) ax6),

where P?(x) = (x,0), A uniform measure on S91.

R




Properties of the Sliced-Wasserstein Distance

Let @1,..., T, Y1, Yn ERL a, BE X, u =1 @bz, v =1, Biby,.

Approximation via Monte-Carlo:

Mm

—=2
SWZL w, v Pe[,uvpzéel/),

[:
01,...,0 ~ A\
Properties:
Computational complexity: L - O(sort(n)) + Ln - O(projection(d))
Sample complexity: independent of the dimension (Nadjahi et al., 2020)
SWy, distance (Bonnotte, 2013)
Topologically equivalent to the Wasserstein distance (Nadjahi et al., 2019), i.e
lim SW3(pn, 1) =0 <= lim W§(un, ) = 0.
n—oo n oo
Differentiable, Hilbertian



Summary of the Contributions

Sliced Unbalanced OT

SW on Manifolds - :

- Q¢

OT via Projections

SW Gradient Flows PCA on Wasserstein Space

:f SWGF WGE : T g“’
H : T
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Riemannian Manifolds in Machine Learning

Data often lie on manifolds or have an underlying structure which can be captured
on manifolds.

e Directional data, Earth data, cyclic data on the sphere Sd—1
e Hierarchical data (trees, graphs, words, images) on Hyperbolic spaces
e M/EEG data on the space of Symmetric Positive Definite Matrices (SPDs)

Source: ESA



Riemannian Manifolds

Definition

A Riemannian manifold (M, g) of dimension d is a space that behaves locally as a
linear space diffeomorphic to RY.

Properties:

e To any x € M, associate a tangent space T, M with a smooth inner product
(Ve TeM X Ty, M — R

e Geodesic between x and y: shortest path minimizing the length £

e Geodesic distance: d(z,y) = igf L(7)

e Exponential map: Vz € M, exp, : T, M — M

xz

.M ~

[ exp, (v)
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Cartan-Hadamard Manifolds

Particular case of Riemannian manifold: Cartan-Hadamard manifolds (M, g)
Definition: Non-positive curvature, complete and connected

Properties:

¢ Geodesically complete: Any geodesic v : [0,1] — M between z € M and y € M
can be extended to R

For any x € M, exp,, : T M — M diffeomorphism

Euclidean spaces

Hyperbolic spaces (Nickel and Kiela, 2017, 2018; Khrulkov et al., 2020)

SPDs endowed with specific metrics (Sabbagh et al., 2019, 2020; Pennec, 2020)
Product of Cartan-Hadamard manifolds (Gu et al., 2019; Skopek et al., 2019)

12/37



Hyperbolic Space

Hyperbolic space: Riemannian manifold of constant negative curvature

Different isometric models:

e Lorentz model LY = {(zo,...,zq) € R¥, (z,2) = —1,29 > 0},
d
dL(xay) = arccosh(—(gc7y)|_), <xuy>L = —ZoYo + szyl
i=1

e Poincaré ball B = {z € RY, ||z|» < 1},

_ 2
dg(x,y) = arccosh (1 ) [l — yll5 )

(1=l = llyl3)




Optimal Transport on Riemannian Manifolds

Let (M, g) be a Riemannian manifold, d its geodesic distance.

Definition (Wasserstein distance)
Let pu,v € Py(M), then

W)= ot [ de,) dr(en)

In practice: same drawbacks of the Euclidean case.
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SW on Cartan-Hadamard Manifolds

Goal: defining SW discrepancy on Cartan-Hadamard manifolds taking care of
geometry of the manifold

SW CHSW
Closed-form of W Line ?
Projection PY(z) = (z,0) ?
Integration gd-1 ?




Projecting on Geodesics

e Generalization of straight lines on manifolds: geodesics
Yo € T,M, G = {exp,(tv), t € R}

e Geodesics isometric to R

e Integrate along all possible directions on S, = {v € T,M, ||v|, =1}




Projections

1. Geodesic projections:
o On Euclidean space: For 6 € S47*, Go = {t0, t € R},

Ve € RY, P%(x) = (x,0) = argmin ||z — 16|
terR

o On Cartan-Hadamard manifold: For v € T,M, G, = {exp,(tv), t € R},

Vo € M, P’(x) = argmin d(x,exp,(tv))

teR




Projections

1. Geodesic projections:
o On Euclidean space: For 6 € S, Go = {6, t € R}, exp,(tf) = 0+ t6 = 16,

vz € RY, P%(z) = (x,0) = argmin ||z — t0]|2 = argmin d(z, expy (t9))
ter terR

o On Cartan-Hadamard manifold: For v € T,M, G, = {exp,(tv), t € R},
Vo € M, P’(x) = argmin d(z,exp,(tv))
ter




Projections
1. Geodesic projections: Vz € M, P¥(z) = argmin d(z,exp,(tv))
ter

2. Horospherical projections: following level sets of the Busemann function
) = T _
BY(w) = Jim d(z,7(1)) ~1

o On Euclidean space: B%(z) = —(z,6)
o On Cartan-Hadamard manifold: B*(z) = tlim d(z, exp,(tv)) —t
— 00




Cartan-Hadamard Sliced-Wassertein

Let (M, g) a Hadamard manifold with o its origin. Denote A the uniform
distribution on S, = {v € T,M, |jv||, = 1}.

Geodesic-Cartan Hadamard Sliced-Wasserstein

Y, v € Po(M), GCHSW2(u, ) = / W3 (Pyp, Phv) dA(v)
So

Horospherical-Cartan Hadamard Sliced-Wasserstein

Y, v € Po(M), HCHSW3(u,v) = / W3 (B, Byr) dA(v)
So

CHSW = GCHSW or HCHSW



General Properties
Some properties:

Pseudo distance on P3(M) — open question: distance?

Vi, v € Py(M), CHSWS (1, v) < W3 (p,v)

e Sample complexity independent of the dimension

e Computational complexity: L - O(sort(n)) + Ln- O(projection(d))
e CHSWj; is Hilbertian

Proposition

Define K : Po(M) x Pa(M) — R as K(p,v) = exp ( — yCHSW3 (i, v)) for
v > 0. Then K is a positive definite kernel.

Proposition
Let j1,v € Po(B?) and denote ji = (Ps— )4, 7 = (Ps_L)4Vv. Then,

HHSW3 (1, v) = HHSW3 (i, ),
GHSW2(u,v) = GHSW2(j1, D).

R EEEE———




Runtime and Complexity (Bonet et al., 2023c)

Closed-forms for P¥ and B* on B? and L¢:

Vo e T,oldnsd, zeld, Vo e 891 ¢y e BY,
P?(x) = arctanh | — (2, v} P?(y) = 2arctanh (s(y))
{2000 ; [5—yl
v 0 B"(y) = log (“—yg)
B'(z) = log (— (,2" + o)) 1 lyl3
—— GHSW,, L=200 —— Wasserstein
Method Complexity _ Z.’,-Ivjviz;;zgoo T Sk
Wasserstein + LP  O(n®logn + n?d) 10
Sinkhorn O(n?d) PRRUE
SwW O(Ln(d + logn)) § 101
GHSW O(Ln(d+logn)) &7 J
HHSW O(Ln(d+ logn)) 1079 i I |
102 103 104 10°

Number of samples in each distribution



Comparison of the Projections

e Property of the Horospherical projection: conserves the distance between points
on a parallel geodesic (Chami et al., 2021)

Horospherical projection Geodesic projection
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Comparison of the Projections

e Property of the Horospherical projection: conserves the distance between points
on a parallel geodesic (Chami et al., 2021)

Horospherical projection Geodesic projection

e Let u=WND(0, ), v = WND(z4, 1),

5
1004 — HAsw3 |, | — GHsw3
75 1 — swi3 3 —— swp3
50 —w 5 — W
25 1 1]
0 0

-5.0 -25




Manifold of SPD Matrices (Bonet et al., 2023a)

e Symmetric Positive Definite (SPD) Matrices:
STT(R) = {M € S4(R), Yz € R*\ {0}, 2" M=z > 0}

e Log-Euclidean distance: VX,Y € ST*(R), drp(X,Y) = |log X —logY|r
e Tangent space: 17,57 T (R) = S4(R)
e Projection on geodesics G4 = {exp(tA), t € R} for A € Sy,:

VM € STH(R), PA(M)=—-BA(M) = (A, logM)p

Random geodesics Geodesic projections
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M/EEG data (with Benoit Malézieux)

M/EEG data:

e Recorded from the brain

e Multivariate time series X € RVXT
e Transform X into SPDs

Data X with T time samples SPD matrix
ﬁz



M/EEG data (with Benoit Malézieux)

M/EEG data:

e Recorded from the brain

e Multivariate time series X € RV*T

e Transform X into distribution of SPDs

§§ z = A ok A {
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Data X with T" time samples Distribution of SPD matrices



Brain-Age Prediction

Filterbank-riemann (Sabbagh et al. 2019) — ¢ - [)
Filterbank-riemann kernel — ¢ = ¢
logSW kernel — X 4 s e
SPDSW kernel — X - [y =0
T T T T 1 I T T 1
6.4 6.6 6.8 7.0 7.2 0.74 0.76 0.78 0.80
Average MAE Average R2

Positive definite Gaussian Kernel with SPDSW

K(p,v) = e 1SPDSW3(r) — o=l 2() =23,

Known feature map @, no need for expensive quadratic computations

— Kernel Ridge regression
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Conclusion

Conclusion:

e General formulation of SW on Cartan-Hadamard manifolds

e Specification to Hyperbolic Spaces and SPDs with Log-Euclidean metric
e Applications to ML

Publications:

® Clément Bonet, Laetitia Chapel, Lucas Drumetz, and Nicolas Courty. Hyperbolic
Sliced-Wasserstein via Geodesic and Horospherical Projections. Annual Workshop on Topology,
Algebra, and Geometry in Machine Learning, 2023.

® Clément Bonet, Benoit Malézieux, Alain Rakotomamonjy, Lucas Drumetz, Thomas Moreau,
Matthieu Kowalski, and Nicolas Courty. Sliced-Wasserstein on Symmetric Positive Definite
Matrices for M/EEG Signals. International Conference of Machine Learning, 2023.

® Clément Bonet, Paul Berg, Nicolas Courty, Francois Septier, Lucas Drumetz, and Minh-Tan
Pham. Spherical Sliced-Wasserstein. International Conference on Learning Representations,
2023.



Perspectives
Other type of manifolds?
e Sphere (Bonet et al., 2023b)

Not a Cartan-Hadamard manifold (positively curved)

Geodesics are great circles
Dedicated algorithm to compute Wasserstein on the circle (Delon et al., 2010)

Application to Geophysical data

O O O O

Fire




Perspectives

Other type of manifolds?
e Sphere (Bonet et al., 2023b)
e Manifolds of non-constant curvature

o SPD Matrices with Affine-Invariant metric (Pennec, 2020)

o Siegel space (Cabanes and Nielsen, 2021)
e Manifolds with no closed-forms for the projections
e Finsler manifolds (Lépez et al., 2021a,b; Pouplin et al., 2023)



Perspectives

Other type of manifolds?

e Sphere (Bonet et al., 2023b)

e Manifolds of non-constant curvature

e Manifolds with no closed-forms for the projections

e Finsler manifolds (Lépez et al., 2021a,b; Pouplin et al., 2023)
Other applications to ML

NESOTS

NESOTS

Non-Euclidean Sliced Optimal Transport Sampling (Genest, Courty, and Coeurjolly, 2023
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Datasets of Distributions

Histograms (e.g. age distributions of countries, financial assets...)

e Documents: distributions of words (Kusner et al., 2015)
Cells: distributions of genes (Bellazzi et al., 2021)
Embedding of words in Gaussian distributions (Vilnis and McCallum, 2015)

Population P id by Count Obama speaks to the media in Illinois
0.05 opulation Tyramec Dy Lountry vs The president greets the press in Chicago
greets
0.04 Obama ®
g °
°)
$°” Ld speaks
2 President
:Lj 0.02 d
0.01 Chicago me.la
[ ]
0.00 [ J
0 20 40 60 80 PY press
Age lllinois

— Perform dimensionality reduction to identify modes of variations
e.g. PCA on Wasserstein space (Seguy and Cuturi, 2015; Cazelles et al., 2018)



Busemann in Wasserstein Space

Goal: compute and use
Vv € Po(RY), BM(v) = lim Wi(u,v) —t
t—o0

— provides a way to project distributions on lower-dimensional spaces

Contributions:

e |dentify for which geodesics B* is well defined

e Derive closed-form in 1D and between Gaussians
e Application to PCA



Geodesics in Wasserstein Space

Geodesics

e For pg, p1 € P2(R?), geodesic = displacement interpolation:
vt e [0,1], = (1 —t)r" + t7r2)#7 for eIl (u,v)
o If 1 = Typio with T the OT map,

vt e [0,1], p=((1- t)Id—l—tT)#uo

AN
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Geodesics in Wasserstein Space

Geodesics

e For pg, i1 € P2(R?), geodesic = displacement interpolation:
vt e [0,1], = (1 —t)r" + t7r2)#fy for v ell,(u,v)
o If 1 = Tupo with T' the OT map,

vt e [0,1], e = ((1— t)Id—|—tT)#u0

e Busemann function well defined for geodesic rays, i.e. such that ¢ — p; defined
on [0, 4+00]

o (P2(RY), W) positively curved
— Conditions to extend t — 1, to Ry7



Geodesic Rays in Wasserstein Space

Proposition

Let po, 11 € P2(R?) with o absolutely continuous with respect to the Lebesgue
measure and consider c(z,y) = ||z — y||3. Then, the optimal transport map T
between o and pq is the gradient of a 1-convex function w if and only if

pe = ((1—)Id + tT)#uo is a geodesic ray.

| A

Example
e 1D Gaussian: Let po = N (mo,03), p1 = N(ma,0}), T(z) = Z(z — mo) + m

oo
T(z)—1>0 < 01 >0y

 General Gaussian: Let p9 = N (mg, Xo), 1 = N(mq,X1),
~1
2

T(w) = Alx — mo) +my with A = 5 % (S25,58) 25 2,




Geodesic Rays in 1D Wasserstein Space

For jg, 11 € P2(R), quantile F,~* of the geodesic ¢ + p; characterized as

vte[0,1], Fil =1 —t)Fyt +tFL

Proposition (Kloeckner, 2010)

Let po, 1 € P2(R) and denote Fo_l, F! their quantile functions. Denote for any
t €[0,1], py = ((L = t)a' +tm?) ,y with v = (Fg ', Fy ) Unif ([0, 1]) the
optimal coupling between pig and py. Then, ¢ — p; is a geodesic ray if and only if
F' — F; ' is non-decreasing.

e 1D Gaussian: Fy ' — F; ! non-decreasing iff o1 > a9

e For o = 0z, and ug € Pa(R), t — u; geodesic ray




Closed-Forms of the Busemann Function

Let 110, 111 € P2(R),

1
W3 (o, 1) = /0 [Fot(w) = Fipt(w)? du = [|Ft = Fo 220

Proposition (Closed-from for the Busemann function on Py (R))

Let (i1)1>0 be a unit-speed geodesic ray in P2(R), then

Ho Ho

1
Yv € P2(R), B*(v) = _/0 (F#_ll(u) - F_l(u)) (Fy_l(u) - F_l(u)) du

1 =i =il 1
=—(F, —F. F, = F ) 2o




Closed-Forms of the Busemann Function

Let p1o = N (mo, Xo), 11 = N (ma, ),

1 1
Wi (0, 1) = lImo —ma 3 + Tr (So + T1 — 255 £1%5)})

Proposition (Closed-form for the Busemann function on BV (R?))

Let (pu¢)i>0 be a unit-speed geodesic ray characterized by juo = N'(mgo, Xo) and
w1 = N(mq,%1). Then, for any v = N(m,Y),

B*(v) = —(my — mg, m — my) +TF(EU(A _ ]d))
_Tr((zé(zo —EoA—AZOjLzl)z%)%),




Application to PCA
Euclidean PCA:
Vi>1, 0; ¢ argmax Var(((0, 2x))x) = Var ((B(xx)),)

0cSe—1Nnspan(by,...,0; 1)+

Busemann Wasserstein PCA: Let o € P2(R?), vy, ..., v, € P2(RY),

_ W3 (1o, 1) = 1

Vi > 1, u{” € argmax Var ((B*(v)),) suchthat <t p is a geodesic ray

7 1
! v E span((vjhgjgifl) )
with Vj, v; =15 — Id, T; OT map from pg to ,ugj).

T,y Pa(R%) -4 MO

4/\1‘_1(1

)

RN

1

Pa(R?)

ﬁ:



Gaussian Dataset

Data Projection on 1st Component Projection on 2nd Component

10 -10 -5 0 5 10
2nd Component
N 20 1.0
! \ - Ho 15
s
A —_ 10 U
\
05 Soe
00 |
5 0.4 ;
-0s © —— Constraint set
-1.0 0.2 e 1st Component
-15 e 2nd Component
. . , , . -2.0 001, + . . :
-4 -2 0 2 4 -1.0 -0.5 0.0 05 1.0

my—mg
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Conclusion and Discussion

Conclusion:
e (Closed-form for the Busemann function
e Application to PCA

Challenges and Perspectives:

e Projections on geodesics not always well defined
e Application for Gaussian distributions

e Closed-form for other classes of distributions?

e Extension to more general distributions, e.g. with Sliced-Busemann function: for
t + 1y geodesic ray in Pa(R) and v € Py (RY),

SB*(v) = /S . B*(Pv) dA(6)



Thank you for your attention!
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Wasserstein on the Circle

Let p,v € P(S') where S' =R/Z.

e Parametrize S by [0,1]

e Y,y € 0,1], dsi(z,y) = min(jz — |, 1~ |z — )
e Vu,v € P(SY), (Rabin et al., 2011a)

WE( :mf / ! —a) ()P dt.

e To find «a: binary search (Delon et al., 2010)

i

0.0 0.2 0.4 0.6 0.8 1.0 0.6 0.8



Particular Cases
e For p =1, (Hundrieser et al., 2021)

/ |F(t v (t) — LevMed(F,, — F,)| dt,

where

LevMed(f) = inf {t €R, Leb({z € [0,1], f(z) <t})>
e For p =2 and v = Unif(S?!),

W2 2% 4 / ‘F

In particular, if 21 < -+ <z, and p, = 2 3" | §,,, then

n 2

1l ek 1
W)= et = (13 e) 4y w1 -2

i=1 i=1

N | =

—t—a|*dt  with éz:/xdu(x)——



Sliced-Wasserstein on the Sphere

Great circle: Intersection between 2-plane and

Sd_l

e Parametrize 2-plane by the Stiefel manifold
Vgo ={U e R™>2 UTU = I,}
e Projection on great circle C: For a.e. x € S,

PY(z) = argmin dga-1(z,y),
yeC

where dga-1(z,y) = arccos({(z,y)).
For U € Vg2, C = span(UUT) N S41,

PY(z) = UT argmin dga—1 (, y)
yeC

_ UTy
U x|



Spherical Sliced-Wasserstein (Bonet et al., 2023b)

Definition (Spherical Sliced-Wasserstein)

Let p > 1, pu,v € P,(S9!) absolutely continuous w.r.t. Lebesgue measure,

SSWy(n) = [ We(Pu PYw) do(V),
d,2

with o the uniform distribution over Vg o.

SW SSW
Closed-form of W Line (Great)-Circle
Projection P(z) = (z,0) PY(z) = ¥r
Integration Gd—1 Va2

Table: Comparison SW-SSW



Is SSW a Distance?

Question: Is SSW a distance?

Proposition
Let p > 1, then SSW,, is a pseudo-distance on Ppm(Sd’l).

e Lacking property (for now): indiscernibility property, i.e.
SSWy(p,v) =0 = p=v.
* Need to show that Py = PJv for 0-ae U € Vg, implies yu = v.

e Idea: relate PV to a well chosen (injective) Radon transform which integrates
along {z € S, PY(x) =2} for U € V42 and z € SL.



Projections Sets

Proposition

Let U € Vg2, z € St. The projection set on z € St is
{x e8!, PY(x) =2} ={z € FN S, (2,U2) > 0},

where F' = span(UUT)* @ span(U=z).




A Spherical Radon Transform

Definition (Spherical Radon Transform)
Let f € L'(59""), then we define a Spherical Radon transform
R:LY (S 1) — LY(S' x Vg2) as

Vz € 8, YU € Vg, Rf(2,U) = (z) dog(z),
gd—1

with o2 a suitable measure on {z € S~1, PY(z) = z}.

Results on the injectivity of R so far:

e In our work: linked it with the Hemispherical Radon transform studied in (Rubin,
1999)

e In (Quellmalz et al., 2023): showed that it a distance on S



Density Estimation

Goal: learn a normalizing flow T such that
Typ = pz with pz = Unif(S?71):

argmin SSW% (T#M7PZ)7 Table: Negative test log likelihood.
T

Earthquake Flood Fire

SSW 0.8410.0r 1.2640.05 0.2310.18
P SW 0.9440.02 1.36£0.04 0.5440.37
DenSIty' Stereo 191401 2.00+0.07 1.27+0.00

Vo e S fu(x) = pz(T(x))|det Jp(z)|.

where we have access to p through samples.




Wasserstein Autoencoders

e

P

» | Decoder

£ 3 e
s 3 v

P - f
,i‘n..,»& G

N
.
\

Alclel~N|
NESCINS

SSWAE:
£(f,g) = / e(z, 9(F(@)))dp() + ASSW2(f 1t p2),

Much interest in using a spherical latent space (Davidson et al., 2018; Xu and
Durrett, 2018), e.g. uniform.
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Wasserstein Autoencoders

Autoencoder with spherical latent space (Davidson et al., 2018; Xu and Durrett,
2018)

SSWAE:
L(f,g) = / (2, 9(£(2)))du(z) + NSSW2(f 1 p2),

Table: FID on MNIST (Lower is better).

Method / Prior Unif(S'9)

SSWAE 14.91 + 0.32
SWAE 15.18 + 0.32
WAE-MMD IMQ  18.12 4 0.62
WAE-MMD RBF  20.09 + 1.42
SAE 19.39 + 0.56
Circular GSWAE  15.01 4+ 0.26
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Classification with Prototypes
o (x;,y;); training set, y; € {1,...,C}, Ve e {1,...,C}, p. prototype.

® Vi, z; = exp, (fo(:b‘z))
e Loss:

I 1o
Zprl +)\D (n;@i,cgg(acﬁc,ﬂ[d)>

Table: Test Accuracy on deep classification with prototypes (best performance in bold)

CIFAR10 CIFAR100
Dimensions 2 4 3 5 10

PeBuse 90.64+0.06 90.59+0.11 49.2841 95 53.4410.76 59.1940.39
GHSW 91.3940.23 91.66+0.27 53.9711.35 60.64+0.87 61.4510.41
HHSW 91.28 1026 91.9810.05 53.8840.06 60.6941p25 62.8010.09
SWp 91.844031 91.68+0.10 53.2543.27 59.77+0.81 60.36+1.26
SWI 91.13+0.14 91.7440.12 53.88+0.02 60.62+0.39 62.30+0.23

W 91.67+0.18 91.8340.21 50.07+4.58 57.4940.94 58.82+1.66
MMD 91.47+0.10 91.68+0.09 50.5944.44 58.10+0.73 58.91+0.01

EE—————



Gradient Flows

argmin HSW3
(wi)i

n
1
- E 5.7:1"1/ 1)
n-

i=1

where we have access to v through samples, i.e. 7, = - > iy Oy, with

Ytis---sYm ~ V.

Target distributions

10910(W3 (i, v))

Target distributions

10910(W3(fin, v))

0 — GHSW
—— HHSW S
- —— SW on Poincaré =0
—— SW on Lorentz
= -15
1
05
0
0.0
-1
2 -05
0 1000 2000 3000 4000 5000 0 2000 4000 6000 8000 10000
Iterations Iterations
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Domain Adaptation in BCI

Learning a map fy between a source p

and a target v

min SPDSW3((fp) 1. v)

Minimizing over the particles

min SPDSW3

10
ﬁizzléwi’y

s Source
Target
Aligned

Ti)iy
Table: Accuracy and Runtime for Cross Session.
Subjects Source AISOTDA SPDSW  LogSW LEW  LES SPDSW  LogSW LEW  LES
(Vair et al., 2019) Transformations in S *(R) Descent over particles
1 82.21 80.90 8470 8448 8434 84.70 85.20 8520 77.04 8292
3 79.85 87.86 8557 8410 8571 86.08 87.11  86.37 8242 8147
7 72.20 82.29 81.01 7632 8123 81.23 81.81  8L73 79.06 73.29
8 79.34 83.25 8354 8103 8229 83.03 84.13  83.32 80.07 85.02
9 75.76 80.25 7735 77.88  77.65 77.65 80.30  79.02 76.14 70.45
Avg. acc.  77.87 82.93 8243  80.76 82.24 82.54 8371  83.12 79.13 78.63
Avg. time (s) - s 434 432 1141 1204 3.68  3.67 850

ST

P ————



Manifold of SPD Matrices with Affine-Invariant metric
Symmetric Positive Definite (SPD) Matrices:

STT(R) = {M € S4(R), Yz € R*\ {0}, 2" Mz > 0}

e Affine-Invariant distance:
VX,Y € S;T(R),

| — AW

dar(X,Y) \/Tf (log(X-1Y)?) 10° — LES
£ 10-1 4 — SPDSW
e Tangent space: 77,57 T (R) = S4(R) —— logSW

. - ™ ~ —— HSPDSW
e Geodesics through I;: 10 10 10
Number of samples

Time (s)

4 = {exp(tA), t € R}

e Closed-form for the geodesic projection?
e Busemann function:

VM € S} (R), BA(M) = —(A,log (ma(M)))r,

with 74 projection on the space of matrices commuting with A.
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Pullback Euclidean Metric

Let (W, {-,-,)) an Euclidean space, ¢ : M — N a diffeomorphism.

e (M, g?) Riemannian manifold with g% (u,v) = (¢ o (u), s (v)) for x € M,
u,v € T M

e Geodesic distance: daq(z,y) = ||d(x) — d(y)||

e Geodesic through o € M with direction v € T, M:
vVt € Ra ’Yu(t) = ¢_1(¢(0) + t¢*,o(”))

Letve S, ={veT,M, ||v|lo =|¢so(v)|| =1}, then the projection coordinate
on G¥ = {y(t), t R} is

Ve e M, P'(z) = —B"(z) = (¢(z) — ¢(0), $+.0(v))- )

o Mahalanobis distance: P¥(z) = (Azz, Az2v)

e Squared geodesic distance where (u,v), = u’ A(z)v

e SPD with (O(n)-Invariant) Log-Euclidean metric, Log-Cholesky metric P

L /30
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Gradient Flows

Goal: min,cp,raey F(p) for F : Po(R?) = R.

o F(u) = KL(||v) for sampling from v oc e~V (®)
N f( ) (u, ) for sampling from v

Definition (Gradient Flow)

A gradient flow is a curve x : [0, 7] — P5(R?) which decreases as much as possible
along the functional F.

’



Gradient Flows
Goal: min,cp,ray F(p) for F : P(R?) = R.

o F(u) = KL(u||v) for sampling from v oc e~V (®)
e F(u) = D(u,v) for sampling from v

Definition (Gradient Flow)

A gradient flow is a curve x : [0, T] — P2(R?) which decreases as much as possible
along the functional F.

v

=0
e Need to solve a PDE of the form ) —descent| | |20

—flow

Oy — div (e Vv, F(pe)) = 0.

e Or approximate it by a time discretization . B

¢ Analogous to Gradient Descent/Proximal
Gradient Descent From (Bach, 2020)



Sliced-Wasserstein Gradient Flows (Bonet et al., 2022)
e Endowing P2 (R%) with Wa, JKO scheme (Jordan et al., 1998):

[fy1 € argmin 2—W2 (ks ) + F (1)
neP2(R)

— costly to compute in practice
e Endowing P2 (R?) with SWy:

.d
i € argmin £ SW3(, uf) + F(s)
I

Similar trajectories:

SWGF WGF .
0.6 4 ® ® e® @
0a| ¢ °* A e * b ®
p2{ * . * * . . 4
0.0 ] 3
e :o ‘ s 0.o ‘ :
s L ] L ]
-0.4 A ¢ o o o* ’
06 4 [ ] . . - ¢ * .
0




Ornstein Uhlenbeck Process
Problem:

min, F() = [ Vdu+ [ log(p(a))pla)dz

HEP2(R)
with V(z) = 2(z —m)TA(z —m), p* x eV, ie. p* = N(m, A71).
If o = N(mo,%0), closed-form for the WGF of the form p; = N (my, 3;)

my =m+ e*tA(mo — m)
21 = e HAD (e + AH (1 e 4) (AT,

At each step k, u = (g5)4pz with g5 normalizing flow.




Fokker-Planck

Problem:

min  F(u) = / Vdp+ / log(p(z))p(z)dz

nEP2(RY)
with V(z) = L(z = m)TA(z —m), p* eV, ie. p* = N(m, A71).
At each step k, u = (g5)4pz with g§ normalizing flow.

Stationary distribution (t=8d) d=10

24— EM1K  —— EM50K 24 —— JKO-ICNN A
—— EM 10K —— RealNVP-SWGF » /\/\/
‘/:\/’\ ‘ ‘

log10SymKL
o
10910SymKL(u, f1t)
o

N
IN
(=]
©
=
o
=
N
o
=
N
w
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Sliced-Unbalanced OT

Unbalanced OT problem

Let p,v € M, (RY),

UOT(p,v) = inf W2 (w1, o) + p1KL(my || ) + p2KL(7o]||v)
m,maEM 4 (R?)

Sliced-UOT problems:

e SUOT:
SUOT (u,v) = UOT (P, Phv) dA(6)
Sd—l
e USOT:
USW3(u,v) = inf SW3(m1,m2) + p1 KL (71| |) + poKL(m2||v)

7T1,7\'2€M+(Rd)



Sliced-Unbalanced OT

Directions
e Source data

e Targetdata

>
>>
==

6=120°
6=120°

Samples and directions SUOT (p1 =0.01, p2 =1) USW (p1 =1, p2=1)

e Applicable to any SW distance (e.g. HSW)

e Application to document classification and geoclimatic barycenter
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Document Classification
e Document Dy, = 37, wfd

e Compute (L(Dk,Dg))]M

e k-nearest neighbor classifier

BBCSport  Movies Goodreads genre Goodreads like

Wo 94.55 74.44 55.22 71.00
uoT 96.73 - - -
Sinkhorn UOT 93.64 72.48 53.55 67.81
SW, 89.39+0.7¢  66.9540.45 50.0940.51 65.6040.20
SUOT 90.1240.15 67.8410.37 50.1540.04 66.7240.38
USOT, 92.3640.07 69.2140.37 51.87+0.56 67.4141 06
SUSOT, 92.4510.39  69.5310.53 51.9310.53 67.3310.26
5. 0.90 1
@
é — SW,
2 %% — UsSw,
— SUOT
0.80 T T T T
10~ 1073 1072 107! 10°
o
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Barycenter on Geophysical Data

Model 1 Model 2 Model 3 Model 4
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Well-definedness of the projection

Proposition

Let o = N (mo,03) and py = N'(my,0%) two Gaussian defining a unit-speed
geodesic ray starting from o and passing through p, att =1, i.e. satisfying
o1 > a¢ and (m1 —mg)? + (01 — 09)? = 1. Then, the underlying geodesic ray
t = p is well defined on [— 22—, +00[.

e Translation: oy = o1 implies that pu; is defined on ] — 0o, 400

e Dilation: 01 = 1+ 0 implies that p; is defined on [—og, +00[. But for any

v =N(m,0o?),
B (v) = —=(m —mg)(m1 — mo) — (6 = 00)(01 — 00) = —(0 — 00),

and thus, P#(v) = —=B*(v) = 0 — 0¢g < —0g <= o < 0, which is not possible.
e For other cases: distributions might get out of the geodesic

24/30
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Gromov-Wasserstein Distance

Let (X,dx,u), (Y,dy,v) be metric-measures spaces (mm-spaces).

Gromov-Wasserstein

GW(X,Y)= inf

yEI(p,v)

with I(p, v) = {y € P(X xY), myy = p, 73y =v}.

/ / (ex (@) — ex (5,4) (e, w)dv(a's o)

Examples

For X =RP, Y =RY,

* cx(z,2') = dx(z,2'), ey (y,9') = dv (y,9)
o ex(x,2') = o =[5, ev (v, 9') = ly = ¥/'II3
° ex(z,2') = (z,2")p, ey (4,9') = (0, 9)q




Gromov-Wasserstein Distance

Let (X,dx,u), (Y,dy,v) be metric-measures spaces (mm-spaces).

Gromov-Wasserstein

GW(X,Y)= inf // (cx(z,a") — 0y(y,y'))2 dy(z,y)dvy (', ')

YEI(p,v)

with II(u, v) = {y € P(X x Y), mpy = p, 7%y =v}.

Practical Issues:

o Computational Complexity: O(n?*)

Proposed Solution:
¢ Entropic Regularization (Peyré et al., 2016)

Low rank constraints (Scetbon et al., 2021)
Sliced Gromov-Wasserstein (Vayer et al., 2019)
Minibatch estimators (Fatras et al., 2021)



Subspace Detour Approach

Subspace Detour approach (Muzellec and Cuturi, 2019):

Choose a subspace F

Project the measures: pp = nju and vp = T4V

Take the optimal coupling 75 € I(ug, vE)
Find a coupling 7 € s (1, ) = {7 € 1(u, )| (7, 75) 47y = 13}

Coupling on the whole set:
e Monge-Independent plan:

™1 =Yg @ (bpt|E @ VEL|E)

e Monge-Knothe plan:
TMK = VE ® VEL|p



Subspace Detour Approach for GW (Bonet et al., 2021)

Data OT plan with GW; Data projected on x

g"’-&} R

OT plan between nu and n§v  Data projected on PCA axes  OT plan between miu and nfv

. !

-

-
e Tt

Subspace Detour approach for GW: Let 1 € P(RP), v € P(R?),
Choose subspace £ C RP and F' C RY

Project the measures: pg = 74 p and vp = v
Take the optimal coupling 3 r € H(ug, vr)
Find a coupling v € I r (1, v) = {y € ()| (7%, 7F) v = v}



Application

Source Mesh

Target Mesh

A

0

Color code (Source)

Ground Truth

Subspace Detour




Application

Ground Truth GW (Adjacency) GW (Weighted Adjacency)

GW (Heat Kernel)

GW (Geodesic distance)
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